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Abstract 

Diakonov formulated a model of a primordial Dirac spinor field interact- 
ing gravitationally within the geometric framework of the Poincare gauge 
theory (PGT). Thus, the gravitational field variables are the orthonormal 
coframe (tetrad) and the Lorentz connection. A simple gravitational gauge 
Lagrangian is the Einstein-Cartan choice proportional to the curvature scalar 
plus a cosmological term. In Diakonov's model the coframe is eliminated by 
expressing it in terms of the primordial spinor. We derive the correspond- 
ing field equations for the first time. We extend the Diakonov model by 
additionally eliminating the Lorentz connection, but keeping local Lorentz 
covariance intact. Then, if we drop the Einstein-Cartan term in the La- 
grangian, a nonlinear Heisenberg type spinor equation is recovered in the 
lowest approximation. 
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1. Introduction 

Recently Diakonov [1] developed a scheme for the quantization of the 
gravitational field interacting with a primordial Dirac spinor field ip. His 
starting point is the framework of the Poincare gauge theory of gravity 
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(PGT); therein gravity is described by two independent fields, by the or- 
thonormal coframe ■i?" = Ci^dx^ (translational potential) and by the Lorentz 
connection F"'^ = Ti'^^dx^ = —T^" (Lorentz potential); for references see 
[2, 3, 4], our notation is explained at the end of this introduction. Accord- 
ingly, the original field variables of Diakonov's theory are ("i?", T"''^ ,ip,ip). 

In the Appendix we displayed the most general gravitational Lagrangian 
of PGT that is quadratic in the torsion and in the curvature i?"'^ = —R^" 
and encompasses all parity even and odd pieces [5, 6, 7, 8]. At first Diakonov 
considers only the simplest model, namely the first two pieces on the right- 
hand-side of Eq. (44). They constitute the gravitational Lagrangian of the 
Einstein-Cartan(-Sciama-Kibble) theory (ECT), see [9]: 

^ = - ^ {Vap A R^^ - 2Kri) . (1) 

Here A is the cosmological constant. The matter part is typically the mini- 
mally coupled Dirac Lagrangian 4-form 
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*7 A Dip + Dip A*'yip'j + *mc ipip 
e„J i^-i^'Dip - D^7" ip) - mc^ip\ r]. (2) 



1— form 



For later use we isolated in the second line the volume 4-form rj. 

The Einstein-Cartan-Dirac theory of gravity has the total Lagrangian 

L = V + Lb, with the action W = Jl. The two gravitational field equations 



read 

l-RP'^ Ar]^^,-^r,^ = = (i^^^D^iP - Djp'^ip) , (3) 

^T^AVa^p = = -^^(Va/3 + (^a/7)^/'- (4) 

As sources of the field equations act the canonical 3- forms of energy-momentum 

and spin angular momentum and of the Dirac field, respectively, see 
[10]. The second field equation (4) is algebraic in the torsion and can be 
resolved with respect to the contortion 1-form Ka'^ = — Fq,'', where 
Ta^^i}^, dd"") is the Riemannian piece of the connection and T° = K"^ p A d^: 

= - V°"^ = J r/"^''^7p75^ = j *(^9"^ A ^tTsV^)- (5) 
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In vacuum, where the Dirac field vanishes, contortion and torsion vanish, 
too, and we recover the vacuum Einstein theory of gravity. 

Notation [3, 4]: Latin letters k, ... = 0, 1, 2, 3 denote (holonomic) coordinate indices, 
Greek letters a,/?, 7,... = 0,1,2,3 (anholonomic) frame indices. Symmetrization over 
indices is denoted by (a/3) := {a/3 + /3a}/2, antisymmetrization by [a/3] := {a/S — /3a}/2. 
The frame = pdj is dual to the coframe: ep\-d°' = 5^. Greek indices are raised and 
lowered by means of the Minkowski metric gap = diag(l, —1, —1, —1). The volume 4- form 
is denoted by t? = *1, and 77^ = *'da, rjap = VaPf = *'&ai3f, VaPfS = *'&aPf5, where * 

is the Hodge star operator and := i?" A-d^ , etc. Furthermore, := Di}°' = Tij"dx^ A 
, Ty" = 2{d[,djf+T^ijf) , R"^^ := dT°'f' +T°'^ AT^ ^ = R,^"^ dx' Adx^ /2 , i?^-"'^ = 

2(5[,r,]"'' + r[,"''r/^) , Ric„ := ep\Rj = Ric^, ,9^ withRic,/3 = R-tc.p\ R := RiCa" = 

Rpa"^^ ■ Our master formula for the variation of coframe and metric is [11]: 

iS^~*6)^^ '5^"A(eJ»-'^[J,?"A(ej0)] + Jg,^[^("A(e«J»-i5"''>] ■ (6) 

In the Dirac theory we have the 1-form 7 := 7q1?" and for the Dirac adjoint tp := '0^7°; 
the exterior spinor covariant derivative is given hy D = d + iaapT"^ /4 and the Lorentz 
algebra generators by a"'^ = i7["7'^l. Moreover, we put = 1, c = 1. 



2. Diakonov's model 

Diakonov [1] proposed recently a model of "microscopic quantum gravity" 
such that the coframe is dropped as an independent field and expressed 
in terms of a primordial anticommuting Dirac field that is "i?" = 
Following similar ideas of Akama [12], he made the ansatz 

£-4^a = 1 (^7"L)^ - L)^7°^) (7) 

or y?" = 0, with 

</?"(^9^r"^,^,*^,d^,d^) := ^ ("*7"D* - L)^7"*) -rt". (8) 

The constant i carries the dimension of a length. Apparently, the primordial 
spinor is assumed to be massless. In contrast to ^9", the connection F"'^ is 
upheld as an independent field. 

We recognize on the right-hand-side of (7) the 1-form marked in (2). A 
comparison with T,^ in (3) and some algebra yields an alternative form of 
(7). We first define the transposed of an arbitrary covector- valued 1-form 

= Eiadx' as Ea:= E^ + e^J A ^9^) = (e°J^^)i9'^. It is simple to 
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verify that Eia= Eai- With this new transposition operator we can write 
Diakonov's formula (7) succintly as 

S° = r'g^p (9) 

This is reminiscent of the Hooke's type constitutive law in Cosserat elastic- 
ity, see [13]: the (asymmetric) force stress 3-form TP is proportional to the 
distortion 1-form -(9, with i-~'^gai3 as the elasticity modulus.^ 

Diakonov [1] assumes that the primordial spinor matter acts only via the 
coframe ■(9" according to (7), (8), or (9). Thus, no explicit matter part enters 
the Lagrangian. Most conveniently we stick with the original field variables 
(■(9", r"'', \Ef, ^) and add the constraint = with suitable Lagrange mul- 
tiplier 3-forms to the EC-Lagrangian V . In this way the local Poincare 
covariance of the PGT is upheld. Thus, the Diakonov Lagrangian reads 

L = V + L^at = - 7^ (aoR''^ A r/,^ - 2A r/) + L^^t , (10) 



2k 

with the matter Lagrangian 

L^at = i^(^°, ^, ^, rf*, rf^, A„) := y." A A„. (11) 

The dimensionless constant parameter ao is introduced for generality, com- 
pare (44). We can immediately calculate the translation and Lorentz excita- 
tions: 

^---^^-O' - - dR^P - Yn'^^f^- ^^^^ 

In turn, we find for the energy-momentum and the spin angular momentum 
of the gauge fields 



Ea ■■= ea\V + iea\T^)AH(s + iea\Rn^H,^ 

= -^^R'" AVapa + -Va, (13) 

Eo^p := A Hp^ = 0. (14) 



^This similarity would be even more pronounced, if one dropped the transposition 
operator and took the gauge-theoretically more satisfactory ansatz = 
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Concentrating now on the matter Lagrangian (11), we find for tlie material 
energy-momentum and spin currents, respectively, 

So - ^ = (15) 
T^f - ^ = -i*(7V„^ + ff«^7'')*A„ (16) 

3. Field equations 

The two classical field equations of gravity read 

DH^-E^ = S,, (17) 

DHai3 — Eai3 = T^p- (18) 

Consequently, the first field equation (17), with the help of (12)i and (13), 
determines the Lagrange multiplier 

= -^,R'^A Vapa + - Va, (19) 

whereas the seconc? field equation (18), by means of (12)2 and (14), reduces 
to a nontrivial equation for the torsion: 

^ A r]^p, = -l ^(7^fTa/3 + a,^7')* (20) 

If we substitute the Lagrange multiplier Aq into the right-hand-side of (20), 
we recognize that, in contrast to the ECT, in Diakonov's theory the torsion 
is non-trivial. 

Eventually, variation of (10) with respect to the primordial spinor yields 
the generalized Dirac equation 

^7°A„ AD^- ^7"(^A,) * = 0. (21) 
Using (19), we have for the derivative of the Lagrange multiplier 

DK = -^^ (y - ^^"Z^) ^ (22) 

Variation with respect to the Lagrange multiplier 3-form Aq, yields the 

constraint 

y?" = (23) 
which reproduces (7) or the "constitutive law" (9). 
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4. A possible generalization of Diakonov's model? 

Since Diakonov wanted to keep the local Lorentz invariance of the action 
of his model, he did not express the Lorentz connection in terms of the pri- 
mordial spinor. But there is no convincing rationale behind this argument. 
With our interpretation (9) of the Akama-Diakonov ansatz (7), the gen- 
eralization to the elimination of the Lorentz connection is straightforward. 
In Cosserat elasticity, the second constitutive law relates the spin moment 
stress 3-form (torque) r° linearly to the rotational deformation measure, the 
contortion 1-form K (see [13], Sec. 3): 



r^p = L-^go.,g^s *K^' = L'^ \t^^{^, M) - T^p) . (24) 

Here the constant L of the "rotational modulus" L'^ga^ygi^s carries the di- 
mension of a length. As new constraint we have then y?"^ = 0, with 

(^"^(r, dr, r"^ ^,^) := ^ a ^775^) - l-^ (f"''(?9, di9) - r"^ 

(25) 

[see [10], Eq. (22)]. As a result, the matter Lagrangian (11) is generalized to 

Lm.t = H^'^, c^^", ^, ^, d^, d^, K, X^p) = y," A A, + y."^ A A„;3, (26) 

where we introduced a second Lagrange multiplier 3-form Aq^ = — A^q,. 

We could now execute the variational calculations explicitly.^ However, 
there is a simpler method applicable. We consider the Lagrange multiplier 
as an additional matter field and employ the Lagrange-Noether machinery 
as described in [3], Sec. 5, for example. The constraints y?" = and yj"'^ = 
are used thereby. After some algebra, we find that for the matter Lagrangian 
(26) the formulas (15) and (16) are generalized as follows: 

:= ^ = -r% + L-2Se., (27) 
:= ^-^ = -l^iYa.(s + a.fsY)'^X, + L-'X.^. (28) 



■^Direct variation is spelled out in the following formula: 



In this case, the master formula (6) has to be applied repeatedly. In a similar way, we can 
also compute Tap. 
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Here we introduced the covector- valued 2-form which is equivalent to the 
antisymmetric tensor- valued Lagrange multiplier 3-form A^^: 

= = 2e1A,. + A (e^Je'^JA.J ; (29) 

both fields have 24 independent components (see [3], Eq. (5.1.24)). Further- 
more, D C,a is the covariant exterior derivative with respect to the transposed 
connection tJ := TJ - e^jT^^, see [3], Eq. (3.11.9). 

Let us collect our results. We have a Lagrangian L = V + L^nat, with 
the matter Lagrangian (26). In the framework of the Poincare gauge theory 
(PGT), V is the quadratic gauge Lagrangian (44). The general field equations 
are (17) and (18). If we substitute the excitations [Ha.Hafi), see (12), and 
the gauge currents {Ea.Eap), see (13) and (14), respectively, we find 

Sa, (30) 
Tap- (31) 

The sources on the right-hand-sides of these gauge field equations are pro- 
vided by (27) and (28). In other words, Eqs. (30) and (31) merely deter- 
mine the Lagrange multipliers A^ and Aq,^; and they do it for the com- 
plete quadratic Lagrangian displayed in (44). In other words, we have elim- 
inated by this procedure coframe and Lorentz connection altogether within 
the framework of the quadratic PGT. 

For the general Lagrangian (44), these field equations are very compli- 
cated. For the Diakonov Lagrangian with the Einstein-Cartan term plus 
cosmo logical constant, see (10), they reduce in our generalized framework to 

r^K + L-2 D U (32) 
\ '^{Y(Tap + (JapY)^ Xp + L~^Xap. (33) 

o 

Note that for L oo, we recover the Diakonov model, see (19) and (20). 
The dynamics of the theory is contained in the nonlinear spinor equation 
that we obtain by varying the action with respect to the spinor field: 

t^Xa A - '-I'^iDXa) ^ + i ^9"^ A '^A,^ A 775^ = 0. (34) 
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dV « dV 



hV 



-D 



dV 



+ A 



dV 

djW] 



^ RP'^ A 7]apa --Va 

2k k 

— A 7]app 



A 



Accordingly, our generalized Diakonov model, in which eventually only the 
primordial spinor is left as field variable, is controlled by the field equations 
(32), (33), (34), 99" = 0, <^"^ = 0. 

As already observed by Akama [12] and Diakonov [1], the absolute sim- 
plest model would be to drop the Einstein- Cartan Lagrangain by putting qq 
to zero. This reduces the gravitational Lagrangian to the cosmological term, 
that is, just to a volume integral: 

L = - r] + ip'' AXa + ip''^ AXap. (35) 

K 

Then the field equations (32), (33), with ao = 0, determine the Lagrange 
multipliers according to 

r% = -r]a + ^DU (36) 
L^'A,^ = l^iYa^p + a^pin^Xp. (37) 

o 

In general, the differential-algebraic system (36), (37), (34) is quite non- 
trivial. One can try to solve it iteratively, then in the first approximation we 
find 

Ai^ M^V' — 
A„ = r/a, *A„^ = r]o,ppa^P ^7^75 (38) 

As a consequence (34) reduces to 

3 

*7 A -- 12^^(^775^) A 775^ = 0. (39) 
8 

In this zeroth approximation, the gravitational constant k = fpj , the cos- 
mological constant A = l/^^^g, and the constant ^ all drop out. In the 
Einstein-Cartan theory we have a critical length £ec = (■^c^pi)^^'^, where Ac 
is the Compton wavelength typically of the nucleon. The problem of these 
different length scales was not discussed by Diakonov. One guess would be 
that L in (39) has to be identified with ^ec? but the situation is far from clear 
to us. In any case, the dimensionless constant (5 := {M^ / kY^'^ = ^^/(^pi^os) 
in (38)i, that is, in Aq = /3^?7a, possibly plays an important role. 

Thus, in the lowest approximation we recover a nonlinear spinor equation 
of the Heisenberg-Pauli type [14], which was once part of one of the most 
advanced models [17] that attempted to describe all physical interactions in 
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terms of a fundamental fermion field, see also Ivanenko's work on nonlinear 
spinor equations [18]. Kibble [15] and Rodichev [16] were the first to recognize 
that such a type of equation emerges in the context of the Dirac theory 
automatically provided spacetime carries Cartan's torsion in the context of 
a gravitational gauge theory. 



5. Discussion 



Let us consider a special case of our generalized model that is in a sense 
complementary to the model of Diakonov. Namely, we impose only the second 
constraint (25) for the connection, but forget about the original constraint 
(8) for the coframe. Then the gravitational field equations (17), (18) reduce 
to 

^R"'' AVapa + -Vc. = ^[T,A^775^ + ^aAD(^775^)l, (40) 

= |^T''Ar/„^p = -^?9„^A^775^. (41) 

We thus see that in the complementary picture with only a connection con- 
straint, the coframe is determined from the Einstein like gravitational field 
equation (40) with some effective energy-momentum current constructed 
from the spinor fields. The second field equation (41) determines the La- 
grange multiplier X^p. This is very different from the original Diakonov 
model with the coframe constraint. The first equation (19) determines the 
Lagrange multiplier Aq,, whereas the second equation (20) describes the non- 
trivial spacetime torsion. 

In this sense, the Diakonov theory can be called a "Cartan-connection" 
model, and the complementary theory an "Einstein-coframe" (or "-tetrad") 
model. Diakonov uses a Hooke's type law as constraint 

TP^=r'g^p*?, (42) 

in the complementary case a MacCuUagh's type law, see [19], for the rota- 
tionally elastic aether is employed (see its modern incarnation in [20] and 
compare [21, 22]), 

r° = l.~'g.,gps • (43) 

In our extended Diakonov model we postulate the constitutive equations 
of an elastic Cosserat continuum, which is responsive to translational and 
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rotational deformations, that is, we take both, Hooke's and MacCullagh's 
law at the same time. Such pictures from continuum mechanics (classical 
field theory) helped also Hammad [23] to find an entropy functional for a 
graviatational theory acting in a Riemann-Cartan spacetime. 

The extended Diakonov model appears to be a generalization of the old 
Heisenberg nonlinear spinor theory that is recovered in the lowest approxima- 
tion in equation (39). The quantization of the full theory is a difficult task, 
and it will not be discussed here. Diakonov [1] is using a lattice approach 
and work is in progress. 

Despite the fact that the ansatz for the coframe (7) was inspired by the 
work of Akama [12], the model of Akama is only invariant under the global 
Lorentz group. In contrast, the Diakonov [1] and the extended Diakonov 
models are explicitly invariant under local Lorentz transformations. This is 
a result of the consistent use of the geometrical framework of the Poincare 
gauge theory of gravity. 



Appendix: Most general quadratic Lagrangian in PGT 

The PGT with its two field equations (17) and (18) is only complete if 
we specify its gauge Lagrangian. As a typical gauge theory, the Lagrangian 
is quadratic in the field strengths torsion T" = I]/=i 2 s''^''^" curvature 
R"'^ = J2k=i2 a^^^R"'^] here torsion and curvature are represented as sums 
in terms of their irreducible pieces. 

If we introduce the notations R and X for the curvature scalar and the 
curvature pseudoscalar, then we find ^^^Rai3 = —R'&ais/^'^ and ^^^Raf3 = 
—Xrjap /12, respectively; moreover, for the torsion we can define the 1-forms 
of A and V for the axial vector and the vector torsion ^^^T" = *{A A 'i9")/3 
and ^'^^T" = — (V A'i9°)/3, respectively. Our final gravitational Lagrangian is 
then [5, 6, 7, 8] 



V = -—[{aoR-2A + boX)r] 
Zk, 



+—VA*V-—Aa*A 
3 3 3 



1 



-R' - ^X' + gi?X) V + w.^'^R-^ A <'^R^, 



/^3 



A {W2*^'^R^^ + fi2^'K^) + ('^i?"^ A {w,<'^R^p + fi.^'^Ra^)] . (44) 
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The first two lines represent weak gravity with the gravitational constant k, 
the last two lines strong gravity with the dimensionless coupling constant 
g. The parity odd pieces are those with the constants foo, cr2; yU2, /^s, /^4- In a 
Riemann space (where X = 0), only two terms of the first line and likewise 
two terms in the third line survive. All these 4 terms are parity even, that 
is, only torsion brings in parity odd pieces into the gravitational Lagrangian. 
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